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1. INTRODUCTION AND PRELIMINARIES 
We investigate the global character of solutions of the second-order rational difference equation 
xn+1 = A + Bz, + CX~-~ ’ 
72. = O,l,. . . ) 
with nonnegative parameters a, ,0, A, B, C, and nonnegative initial conditions x-r, xo. 
Other nonlinear, second-order, rational difference equations were investigated in [l-11]. 
The study of rational difference equations of order greater than one is quite challenging and 
rewarding, and the results about these equations offer prototypes towards the development of 
the basic theory of the global behavior of solutions of nonlinear difference equations of order 
greater than one. The techniques and results about these equations are also useful in analyzing 
the equations in the mathematical models of various biological systems and other applications. 
Let I be some interval of real numbers and let f E C1[I x I, 11. Let s E I be an equilibrium 
point of the difference equation 
Xn+l = f(GL,%-l), n = 0, 1, . . . ; (2) 
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that is, 
DEFINITION 1. 
Z=f(5,2). 
(i) The equilibrium 3 of equation (2) is called locally stable if for every E > 0, there exists 
b > 0 such that XO,CC-~ E I with 1x0 - 31 + 1x-r - 331 < 6, then 
lx, - 31 < E, for aJJ n 2 -1. 
(ii) The equilibrium 2 of equation (2) is called locally asymptotically stable if it is locally 
stable, and if there exists y > 0 such that zc, z-1 E I with jzc - ~1 + 1x-r - 31 < y, then 
(iii) The equilibrium 1 of equation (2) is called a global attractor if for every x0, x-1 E I, we 
have 
lim xn = I. 
n+co 
(iv) The equilibrium z of equation (2) is called globally asymptotically stable if it is JocaJJy 
stable and a global attractor. 
(v) The equilibrium jy: of equation (2) is called unstable if it is not stable. . 
Let 
denote the partial derivatives of f(u, u) evaluated at an equilibrium f of equation (2). Then the 
equation 
Yn+1 = SY7Z + ty,-1 I n=O,l,..., (3) 
is called the linearized equation associated with equation (2) about the equilibrium point 2. 
THEOREM A. LINEARIZED STABILITY. 
(a) If both roots of the quadratic equation 
A2-sSX-t=o (4 
lie in the open unit disk [XI < 1, then the equilibrium z of equation (2) is locally asymp 
toticaJJy stable. 
(b) If at least one of the roots of equation (4) h as absolute value greater than one, then the 
equilibrium z of equation (2) is unstable. 
(c) A necessary and sufhcient condition for both roots of equation (4) to lie in the open unit 
disk 1x1 < 1 is 
Is/ < 1 -t < 2. (5) 
In this case, the JocaJJy asymptoticaJJy stable equilibrium z is aJso called a sink. 
(d) A necessary and sufficient condition for both roots of equation (4) to have absolute value 
greater than one is 
ItI > 1 and ISI < 11 - tl. 
In this case, z is a repeller. 
(e) A necessary and sufficient condition for one root of equation (4) to have absolute vaJue 
greater than one and for the other to have absolute value less than one is 
s2 + 4t > 0 and ISI > 11 - tl. 
In this case, the unstable equilibrium z is caJJed a saddle point. 
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We now give the definitions of positive and negative semicycles of a solution of equation (2) 
relative to an equilibrium point 3. We believe that a semicycle analysis of the solutions of a 
scalar difference equation is a powerful tool for a detailed understanding of the entire character 
of solutions and often leads to proofs of their long term behavior. 
A positive semicycle of a solution {x,} of equation (2) consists of a “string” of terms {xl, x1+1, 
“‘7 xm}, all greater than or equal to the equilibrium 3, with 1 2 -1 and m 5 00 and such that 
either I = -1, or 1> -1 and x1-r <!? 
and 
either m = co, or m < 00 and x,+1 < 2. 
A negative semicycle of a solution {xn} of equation (2) consists of a “string” of terms { 51, x1+1, 
“‘7 x,}, all less than the equilibrium Z, with I > -1 and m < cc and such that 
either 1 = -1, or 1> -1 and xl-1 >Z 
and 
either m = 00, or m < 00 and xm+r 22. 
The next three results are general convergence theorems for equation (2) which we will use in 
the sequel. 
THEOREM B. (See [IO].) Let [u,b] b e an interval of real numbers and assume that 
is a continuous function satisfying the following properties: 
(a) f(x, y) is nondecreasing in x E [a, b] for each y E [a, b], and f(x, y) is nonincreasing in 
y E [u,b] for each x E [a,b]; 
(b) if (m, M) E [a, b] x [a, b] is a solution of the system 
f(m, W = m and f P, m> = M, 
then m = M. 
Then equation (2) has a unique equilibrium 3 E [a, b] and every solution of equation (2) 
converges to 5. 
THEOREM C. (See 121.) Let [a, b] b e a interval of real numbers and assume that 
f : [a, bl x [a, bl + [a, bl 
is a continuous function satisfying the following properties: 
(a) f(x, y) is nonincreasing in each of its arguments; 
(b) if (m, M) E [a, b] x [a, b] is a solution of the system 
f(m, m) = M and f(M, M) = m, 
then m = M. 
Then equation (2) has a unique equilibrium x E [a, b] and every solution of equation (2) 
converges to 2. 
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THEOREM D. (See [5, p. 271.) Assume 
(9 f E C[(O, m) x (0, ~1, (0, m)]; 
(ii) f(z, y) is nonincreasing in 2 and decreasing in y; 
(iii) zf(z, z) is increasing in 2; 
(iv) the equation 
X n+l = %f(%, G-l), n=O,l,..., 
has a unique positive equilibrium 5. 
Then z is globally asymptotically stable. 
The next result is known as the stability trichotomy result. 
THEOREM E. (See 1121.) C onsider the difference equation (2) where 
f E cm 00) x IO, m>, PI ~>I 
and such that 
xl~l+yl~l<f(x,~), fo~aflx,yE(O,~). 
(6) 
(7) 
Then equation (2) has stability trichotomy; that is, exactly one of the following three cases holds 
for all solutions of equation (2): 
(i) lim,,, x, = 00 for aJJ (x-1,x0) # (0,O); 
(ii) limndm xn = 0 for all initial points and 0 is the only equilibrium point of equation (2); 
(iii) lim,,, x, = 1 E (0,cm) for all (x-1~x0) # (0,O) and 3 is the onJy positive equilibrium 
of equation (2). 
2. THE SPECIAL CASES WHERE c@ABC = 0 
If we allow the parameters a, /3, A, B, C to be nonnegative, then equation (1) contains, as 
special cases, 21 difference equations with positive parameters. Of these, 12 equations are trivial, 
linear, reducible to linear, or of the Riccati type 
wn + b 
Y71+1 = cy, +d’ n = O,l,. . * ) 
with nonnegative parameters a, b, c, d, which itself is reducible to a linear equation by a well- 
known change of variables. See [13-161. 
The remaining nine equations are the following, where we now assume that all their parameters 
are positive. 
6) a 
xn+1 = Bx, + cx,-1 ’ 
n=O,l,.... (8) 
(ii) 
(iii) 
(4 
(4 
PX7Z 
xn+1 = A+ Cx,-i’ 
n=O,l,.... 
xn+1 = Bx, + cx,-1’ 
n=O,l,.... 
a+& 
x72+1= c2,_19 n=O,l,.... 
a+pGZ 
xn+1 = A + Cx,+i ’ 
n=O,l,.... (12) 
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(vi> 
a+Pxc, 
xn+1 = Bx, + cx,-1’ n=O,l,.... 
(vii) 
a 
x,+1 = A i Bz, + CZ,-~ ’ 
n=O,l 1”” 
(viii) 
PXC, 
xn+1 = A + Bx, + CX,-~ ’ 
n = O,l,. . . . 
(ix) 
a+Pxc, 
xn+l = A + Bx, + CX,-~ ’ 
n = O,l,. . . . 
The change of variables 
reduces equation (8) to the difference equation 
B C 
Yn+1 = K + - 
Yn-1 ’ 
n=O,l,... 
(13) 
(14 
(15) 
(16) 
(17) 
This equation was investigated in [17] w h ere it was shown that its equilibrium 
TpJ3T-C 
is globally asymptotically stable. 
Equation (9) is the well-known Pielou’s equation which was investigated in [ll] where it was 
shown that when 
P I A, 
the zero equilibrium is globally asymptotically stable, and when xc > 0 and 
the positive equilibrium 
2-P-A 
C 
is globally asymptotically stable. See also [5]. 
The change of variables 
P 
xn = B i- Cy, 
reduces equation (10) to the difference equation 
B+Cyn 
Yn+l = B + Cy,el ’ 
n=O,l,..., 
which was investigated in [6, Theorem 3.6.31 where it was shown that the positive equilibrium 
g=1 
is globally asymptotically stable. See also [5]. 
Equation (11) is the well-known Lyness’ equation; see [5], for which it is known that every 
solution is bounded and persists. Also every solution of equation (1) is periodic with period 5, if 
and only if 
ac = a2. 
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Finally, it was shown in [7] and 1181 that the equilibrium of equation (11) is locally stable but 
not locally asymptotically stable. 
Equation (12) was investigated in [5], see also [6], w h ere the following results were established. 
(i) Every solution of equation (12) is bounded and persists. 
(ii) The positive equilibrium of equation (12) is globally asymptotically stable when 
and also when 
and 
either A’< PA or PA < aC 5 2 
Some other special cases where the equilibrium of equation (12) is globally asymptotically 
stable were discussed in [4]. 
We believe that the equilibrium of equation (12) is globally asymptotically stable for all positive 
values of the parameters, and so we offer the following conjecture. 
CONJECTURE 1. The positive equiJibrium of equation (12) is gJobaJJy asymptotically stable. 
Equation (13) was investigated in [2] where it was shown that all solutions are bounded and 
that the positive equilibrium is globally asymptotically stable when 
C/3 I 4aB + p2. 
We also believe that the equilibrium of equation (13) is globally asymptotically stable for all 
positive values of the parameters, and so we offer the following conjecture. 
CONJECTURE 2. The positive equilibrium of equation (13) is gJobaJJy asymptotically stable. 
By applying linearized stability and Theorem E, we can easily see that positive equilibrium of 
equation (14) is globally asymptotically stable. 
Equation (15) was investigated in [5] w h ere it was shown that the zero equilibrium is globally 
asymptotically stable if 
PI-4 
and that when ze > 0, the positive equilibrium is globally asymptotically stable if 
p > A. 
Concerning the boundedness character of solutions (see Section 4), among the 21 special cases 
of equation (1) there are only two that may possess unbounded soktions. These are the linear 
equations 
P 
%+1 = --5,, A 
7x=0,1,..., 
a+@72 
&x+1 = -> A 
n=O,l,..., 
with 
f3 > A. 
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Concerning the periodic nature of solutions of equation (l), there axe only three equations with 
the property that every solution is periodic with the same period p 2 2, namely, 
(Y 
%x+1= Bz,' n = O,l,. . . (every solution is periodic with period 2), 
Q 
%+1 = cznml 7 n=O,l,... (every solution is periodic with period 4), 
PX, 
x,+1 = cxnml Y n=O,l,... (every solution is periodic with period 6). 
The special case of equation (l), 
a+Pxn 
x,+1 = cx,-l 7 n=O,l,..., 
called Lyness’ equation, has the property that every solution is periodic with period 5 if and only 
if 
ac = p2. 
Zero is an equilibrium of equation (1) if and only if 
a=0 and A > 0. 
In this case, zero is globally asymptotically stable if 
and is unstable if 
P > A. 
Furthermore, the zero equilibrium is a sink when 
and a saddle point when B + C > 0 and 
P>A 
(although all solutions with positive initial conditions converge to the positive equilibrium z = 
(P-A)I(B+C)). 1 n view of the above discussion, there remains to investigate equation (1) and 
the nature of its positive equilibrium when all the parameters of the equation are positive. In 
this case, the change of variables 
A 
xn = -Yn B 
reduces equation (1) to the difference equation 
where 
P+qYn 
yn+1= 
1+yn+ryn-1’ 
n=O,l,..., 
f2B 
p=-p> and 
c 
r=-. 
B 
(18) 
In the remaining sections, we will investigate the global character of solutions of equation (18) 
for various ranges of the parameters 
p,q,r E (O,CQ) 
and with nonnegative initial conditions. 
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3. LINEARIZED STABILITY 
The only equilibrium of equation (18) is 
g = 4 - 1+ J(4 - 1)2 + 4P(T + 1) 
2(r+ 1) 
1 
and the linearized equation of equation (18) about jj is 
q-P+qrP z ++49 ; -1 = 0 
?l+l- (l+(l+r)~)zznf(l+(l+r)&)z 12 ’ 
n=O,l,.... 
By employing the linearized stability Theorem A, we obtain the following result. 
THEOREM 1. The equilibrium $j of equation (18) is locally asymptotically stable for all values of 
the parameters p, q, and r. 
4. BOUNDEDNESS OF SOLUTIONS 
Here, we will prove that all solutions of equation (18) are bounded. 
THEOREM 2. Every solution of equation (18) is bounded from above and from below by positive 
constants. 
PROOF. Let {yn} be a solution of equation (18). Clearly, if the solution is bounded from above 
by a constant M, then 
P 
%+” l+(l+r)M’ 
and so it is also bounded from below. Now, assume for the sake of contradiction that the solution 
is not bounded from above. Then there exists a subsequence {yr+nk}rZO such that 
limnk = 00, limyr+,, = co, and y~+~~ = max{y, : n s.nk}, for k > 0. 
From (18), we see that 
Yn+1 < 4Yn + P, for n 1 0, 
and so, 
lim y,, = limy,,-r = 00. 
Hence, for sufficiently large k, 
0 < Yl+n,t - Ynr, = 
P + Kq - 1) - Y7Lk - TYn,-11 ynk < o 
1.+ Ynl, + TYn,-1 
7 
which is a contradiction and the proof is complete. I 
The above proof has the advantage that extends to several equations of the form of equation (1) 
with nonnegative parameters. The boundedness of solutions of the special equation (18) with 
positive parameters follows from the observation that if 
M = m={l,p, 4, 
then 
M+MY~ =M 
Yn+lI l+yn 7 for n 2 0. 
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5. INVARIANT INTERVALS 
We say that the interval I is an invariant interval for equation (18) if 
for some integer N > 0, 
then 
Yn E I, for n >_ N. 
LEMMA 1. Equation (18) possesses the following invariant intervals: 
4 - 1+ J(q - 1)2 + 
when 2 
4p 1 7 p 5 q; 
P-q [ I. -,!I 1 qr when q < p < q(rq + 1); 
[ 1 !Lp2 qr ’ when p > q(rq + 1). 
PROOF. 
(a) Set 
g(z) = ‘2 and b = Q - 1+ J/(4 - II2 + 4P 
2 
and observe that g is an increasing function and g(b) 5 b. Using equation (18), we see 
that when yk-I, yk E [0, b], then 
P+qYk 
?/k+l = < ‘+ = g(yk) < g(b) 5 b. 
1 + yk + Tyk--1 - 1 +.yk 
The proof follows by induction. 
(b) It is clear that the function 
f(z,y) = p+qa: 
1+z++y 
is increasing in 2 for y > (p - q)/qr. Using equation (18)) we see that when y&l, yk E 
KP - q)/qT, d then 
P+‘??-/k 
Yk+l = 1 + yk + ryk-1 
= f(Yk,!/k-1) 5 f = 4. 
Also by using the condition p < q(rq + l), we obtain . 
?’ + qyk 
“+l = 1 + yk + ?-y&l 
= f(Yk,Yk-1) 1 f 
dpr+P-d ,P-cl 
= (T@+rq+p-q qr’ 
The proof follows by the induction. 
(c) It is clear that the function 
f(z,y) = p+qz 
1+z++y 
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is decreasing in 5 for y < (p - q)/qr. Using equation (18), we see that when ykml, yk E 
[a (P - q)lv-l, then 
Yk+l = 
pfqyk 
1 + yk + ?-/k-l 
= f(yk,yk-I) 2 f (y,y) =Q. 
Also, by using the condition p > q(rq + l), we obtain 
p+qyk 
Yk+l = 
1+ yk + T/k-l 
= f(yk, Yk-1) 5 f(% q> 
p+q2 =I <p-q 
1+(?-+1)q qr’ 
The proof follows by induction. I 
6. SOME USEFUL IDENTITIES 
Let {ynEL b e a solution of equation (18). Then the following identities are true for n 2 0: 
y 72 +1 _ q = qr((p - q)lqr - Ywl) 
l+Yn+ry,-l ’ 
Yn+l - P$ = 
qr (4 - (P - q)lqr) Yn + qr (Yn-1 - (P - d/T) + pr(q - Yn-1) 
v-(1 + 517% + TY,-1) 
7 
(19) 
(20) 
yn - yn+4 = [qr (Yn - (P - d/v) Ym+l+ (Y72 - Q)(Yn+1Y*+3 fY,+a + yn+1 + rynyn+3) 
+Yn+rYfyP] x 
(l+Y~+3)(l+Y~+l:Ty,)fr(p+qY~+l)’ 
(21) 
y~+l _ g = (Lv - q)(Y - Y7d + ?P(Y - Yn-1) 
1+ Yn + V,-1 * 
The proofs of the following two lemmas are straightforward consequences of identities (lg)-(22) 
and will be omitted. 
LEMMA 2. Assume 
P > q(qr -t 1) 
and let {yn}r?-r be a solution of equation (18). Then the following statements are true. 
(i) If for some N 2 0, ye > (p - q)/qr, then y~+2 < q. 
(ii) If for some N > 0, yN = (p - q)/qr, then yN+2 = q. 
(iii) If for some N 2 0, yN < (p - q)/qr, then yN+2 > q. 
(iv) If for some N 2 0, q < yN < (p - q)/qr, then q < yN+2 < (p - q)/qr. 
(v) ff for some N > 0, jj > yN-1 and y 2 yN, then yN+r 2 y. 
(vi) ff for some N 2 0, jj < yN-1 and y < yN, then yN+r < 8. 
(vii) 4 < V < (P - q)/qr. 
LEMMA 3. Assume 
4 < P < q(qr + 1) 
and let {yn},“,-r be a solution of equation (18). Then the following statements are true. 
(i) If for some N 2 0, yN < (p - q)/qr, then yN+2 > q. 
(ii) If for some N 2 0, yN = (p - q)/qr, then yN+2 = q. 
(iii) If for some N 2 0, YN > (p - q)/qr, then Y&T+2 < q. 
(iv) ff for some N > 0, YN > (p - q)/q r andYN <Q then 4 > YN+2 > (p-d/~. 
(v) (P-4)/v < ~7 < 4. 
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LEMMA 4. Assume 
P = 4(qr + 1) 
and let {yn}~zp=-l be a solution of equation (18). Then 
(23) 
Furthermore, if qr < 1, then 
Jiirnyn = 8. (24 
PROOF. Identity (23) follows by straightforward computation. Limit (24) is a consequence of 
the fact that in this case qr E (0,l) and equation (18) has no prime period two solution. I 
7. GLOBAL ASYMPTOTIC STABILITY 
The following lemma establishes that when p # q(qr + l), every solution of equation (18) is 
eventually trapped into one of the three invariant intervals of equation (18) described in Lemma 1. 
More precisely, the following is true. 
LEMMA 5. Let I denote the interval which is defined as follows: 
[ 
o q - 1+ J(q - 1y + 4p 
1 
2 
1 !ifp I 4, 
I= [ P-q 1 -74 7 r ifq <P < 4k7r + 11, 
if p > q(qr + 1). 
Then every solution of equation (18) lies eventually in I. 
PROOF. Let {Y~}?=-~ b e a solution of equation (18). First assume that 
P 5 Q* 
Then, clearly, g E I. Set 
b = 4 - 1+ J(Q - lj2 + 4P 
2 
and observe that 
yn+l _ b = h - Pkh - 4 - r(p + qb)h.-1 
Cl+ Yn + m-1)(1 + b) ' 
n 1 0. 
Hence, if for some N, yN I b, then yN+l < b. Now, assume for the sake of contradiction that 
in >b, for n > 0. 
Then, yn > jj for n 2 0 and so clearly 
which is a contradiction. 
Next, assume that 
lim yrr = $j E I, 
n-boo 
q < P < q(qr + 1) 
and for the sake of contradiction also assume that the solution {yn}~c.l is not eventually in the 
interval 1. Then, by Lemma 3, there exists N > 0 such that one of the following three cases 
holds: 
6) YN > 4, YN+l > Q, and YN+2 < (P - 4)/v; 
(4 YN > 4, YN+l < (P - dlqr, and YN+2 < (P - q)/qr; 
(iii) YN > 4, (P - q)lqr I YN+l I q, and YN+2 < (p - q)/qr. 
Also, observe that if YN 2 q, then yN +ry2 N-p>OandifYN<(p-q)/qr,thenyN+ry%-p<O. 
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The desired contradiction is now obtained by using the identity (21) from which it follows 
that for j E (0, 1,2,3}, each subsequence {y~+~~+j}& with all its terms outside the interval 1 
converges monotonically, and so it must enter in the interval 1. 
The proof when 
P > Q(Qf” + 1) 
is similar and will be omitted. I 
By using the monotonic character of the function 
f(x, y) = p + qx 
lfzfry 
in each of the intervals in Lemma 1, together with the appropriate convergence Theorems B 
and C, we can obtain some global asymptotic stability results for the solutions of equation (18). 
For example, the following results are true for equation (18). 
THEOREM 3. 
(a) Assume that either 
P 2 4 f q2r 
Then the equilibrium g of equation (18) is globally asymptotically stable. 
(b) Assume that either 
Plq 
q<p<q+q2r 
and that one of the following conditions is also satisfied: 
(i) 4 5 1; 
(ii) ~51; 
(iii) r > 1 and (q - l)‘(r - 1) 5 4p. 
Then the equilibrium g of equation (18) is globally asymptotically stable. 
PROOF. 
(a) The proof follows from Lemmas 1 and 4 and Theorems C and D. 
(b) In view of Lemma 1, we see that when y-r, yc E [0, (q - 1 + J(q 7 1)2 + 4p)/2], then 
yn E [o, (4 - 1+ J/(4 - 112 + 4~)/21 f or all n 2 0. It is easy to check that a’~ [0, (q - 1 + 
J(q - 1)2 + 4p)/2] and that in the interval [0, (q - 1 + (q - 1)2 + 4p)/2], the function f 
increases in 2 and decreases in y. 
We will employ Theorem B, and so it remains to show that if 
m = f(m, w and M = f(M, m), 
then M = m. This system has the form 
p+qm and M= p+qM 
m=l+m+rM l-tM+rm’ 
Hence, (M - m)(l - q + M + m) = 0. Now if m + M, # q - 1, then M = m. For instance, 
this is the case if Condition (i) is satisfied. If m + M = q - 1, then m and M satisfy the 
equation 
(r - l)m2 + (r - l)(l - q)m + p = 0. 
Clearly now, if Condition (ii) or (iii) is satisfied, m = M from which the result follows. 
The proof when q < p < q + q2r holds follows from Lemma 1 and Theorem B. I 
We believe that the positive equilibrium of equation (18) is globally asymptotically stable for 
all values of the parameters and so we offer the following conjecture. 
CONJECTURE 3. The positive equilibrium of equation (18) is globally asymptotically stable. 
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